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Abstract
We describe the optimal horoball packings of asymptotic Koszul type
Coxeter simplex tilings of 5-dimensional hyperbolic space where the sym-
metries of the packings are generated by Coxeter groups. We find that the
optimal horoball packing density of δopt = 0.59421 . . . is realized in an
entire commensurability class of arithmetic Coxeter tilings. Eleven optimal
arrangements are achieved by placing horoballs at the asymptotic vertices
of the corresponding Coxeter simplices that give the fundamental domains.
When multiple horoball types are allowed, in the case of the arithmetic Cox-
eter groups, the relative packing densities of the optimal horoball types are
rational submultiples of δopt, corresponding to the Dirichlet-Voronoi cell
densities of the packing. The packings given in this paper are so far the
densest known in hyperbolic 5-space.
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1 Introduction
Let X denote a space of constant curvature, either the n-dimensional sphere Sn,
Euclidean spaceEn, or hyperbolic spaceHn with n ≥ 2. An important question of
discrete geometry is to find the highest possible packing density inX by congruent
non-overlapping balls of a given radius [1], [6]. The definition of packing density
is crucial in hyperbolic space as shown by Bo¨ro¨czky [3], for standard examples
also see [6], [20]. The most widely accepted notion of packing density considers
the local densities of balls with respect to their Dirichlet–Voronoi cells (cf. [3] and
[14]). In order to consider horoball packings in H
n
, we use an extended notion of
such local density.
Let B be a horoball in packing B, and P ∈ Hn be an arbitrary point. Define
d(P,B) to be the perpendicular distance from point P to the horosphere S = ∂B,
where d(P,B) is taken to be negative when P ∈ B. The Dirichlet–Voronoi cell
D(B,B) of a horoball B is defined as the convex body
D(B,B) = {P ∈ Hn|d(P,B) ≤ d(P,B′), ∀B′ ∈ B}.
Both B and D are of infinite volume, so the usual notion of local density is mod-
ified as follows. Let Q ∈ ∂Hn denote the ideal center of B at infinity, and take
its boundary S to be the one-point compactification of Euclidean (n − 1)-space.
Let Bn−1C (r) ⊂ S be the Euclidean (n − 1)-ball with center C ∈ S \ {Q}. Then
Q ∈ ∂Hn and Bn−1C (r) determine a convex cone Cn(r) = coneQ
(
Bn−1C (r)
) ∈ Hn
with apex Q consisting of all hyperbolic geodesics passing through Bn−1C (r) with
limit point Q. The local density δn(B,B) of B to D is defined as
δn(B, B) = lim
r→∞
vol(B ∩ Cn(r))
vol(D ∩ Cn(r)) .
This limit is independent of the choice of center C for Bn−1C (r).
In the case of periodic ball or horoball packings, the local density defined
above can be extended to the entire hyperbolic space. This local density is related
to the simplicial density function (defined below) that we generalized in [26] and
[27]. In this paper we will use such definition of packing density (cf. Section 3).
The alternate method suggested by Bowen and Radin [2], [20] uses Nevo’s
point-wise ergodic theorem to assure that the standard Euclidean limit notion of
density is well-defined for Hn. First they define a metric on the space ΣP of
relatively-dense packings by compact objects, based on Hausdorff distance, corre-
sponding to uniform convergence on compact subsets of Hn. Then they study the
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measures invariant under isometries of ΣP rather than individual packings. There
is a large class of packings of compact objects in hyperbolic space for which such
density is well-defined. Using ergodic methods, they show that if there is only
one optimally dense packing of En or Hn, up to congruence, by congruent copies
of bodies from some fixed finite collection, then that packing must have a sym-
metry group with compact fundamental domain. Moreover, for almost any radius
r ∈ [0,∞) the optimal ball packing in Hn has low symmetry.
A Coxeter simplex is an n-dimensional simplex in X with dihedral angles ei-
ther submultiples of pi or zero. The group generated by reflections on the sides of
a Coxeter simplex is called a Coxeter simplex reflection group. Such reflections
give a discrete group of isometries of X with the Coxeter simplex as its funda-
mental domain; hence the groups give regular tessellations ofX if the fundamen-
tal simplex is characteristic. The Coxeter groups are finite for Sn, and infinite for
E
n or Hn.
InHn we have noncompact simplices with ideal vertices at infinity ∂Hn. Cox-
eter simplices exist only for dimensions n = 2, 3, . . . , 9; furthermore, only a finite
number exist in dimensions n ≥ 3. Johnson et al. [10] computed the volumes
of all Coxeter simplices in hyperbolic n-space, also see Kellerhals [13]. Such
simplices are the most elementary building blocks of hyperbolic manifolds, the
volume of which is an important topological invariant.
In the n-dimensional spaceX of constant curvature (n ≥ 2), define the simpli-
cial density function dn(r) to be the density of n+ 1 spheres of radius r mutually
tangent to one another with respect to the simplex spanned by the centers of the
spheres. L. Fejes To´th and H. S. M. Coxeter conjectured that the packing density
of balls of radius r inX cannot exceed dn(r). Rogers [21] proved this conjecture
in Euclidean space En. The 2-dimensional spherical case was settled by L. Fejes
To´th [8], and Bo¨ro¨czky [3], who proved the following extension:
Theorem 1 (K. Bo¨ro¨czky) In an n-dimensional space of constant curvature, con-
sider a packing of spheres of radius r. In the case of spherical space, assume that
r < pi
4
. Then the density of each sphere in its Dirichlet–Voronoi cell cannot exceed
the density of n+1 spheres of radius r mutually touching one another with respect
to the simplex spanned by their centers.
In hyperbolic space, the monotonicity of d3(r) was proved by Bo¨ro¨czky and Flo-
rian in [4]; in [17] Marshall showed that for sufficiently large n, function dn(r)
is strictly increasing in variable r. Kellerhals [14] showed dn(r) < dn−1(r), and
that in cases considered by Marshall the local density of each ball in its Dirichlet–
Voronoi cell is bounded above by the simplicial horoball density dn(∞).
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This upper bound for density in hyperbolic space H3 is 0.85327 . . . , which
is not realized by packing regular balls. However, it is attained by a horoball
packing ofH
3
where the ideal centers of horoballs lie on an absolute figure ofH
3
;
for example, they may lie at the vertices of the ideal regular simplex tiling with
Coxeter-Schla¨fli symbol [3, 3, 6].
In [15] we proved that the optimal ball packing arrangement in H3 mentioned
above is not unique. We gave several new examples of horoball packing arrange-
ments based on totally asymptotic Coxeter tilings that yield the Bo¨ro¨czky–Florian
upper bound [4].
Furthermore, in [26], [27] we found that by allowing horoballs of different
types at each vertex of a totally asymptotic simplex and generalizing the simpli-
cial density function toHn for (n ≥ 2), the Bo¨ro¨czky-type density upper bound is
no longer valid for the fully asymptotic simplices for n ≥ 3. For example, in H4
the locally optimal packing density is 0.77038 . . . , higher than the Bo¨ro¨czky-type
density upper bound of 0.73046 . . . . However these ball packing configurations
are only locally optimal and cannot be extended to the entirety of the hyperbolic
spaces Hn. Further open problems and conjectures on 4-dimensional hyperbolic
packings are discussed in [7]. Using horoball packings in H4, allowing horoballs
of different types, we found seven counterexamples (realized by allowing up to
three horoball types) to one of L. Fejes To´th’s conjectures stated in his founda-
tional book Regular Figures.
The second-named author has several additional results on globally and locally
optimal ball packings in Hn, Sn, and the eight Thurston geomerties arising from
Thurston’s geometrization conjecture [22], [23], [24], [25], [28], [29].
In this paper we continue our investigations of ball packings, in hyperbolic
5-space. Using horoball packings, allowing horoballs of different types when ap-
plicable, we find the packing densities of the horoballs with respect to the Coxeter
simplex cells.
2 The Cayley–Klein model of n-dimensional hyper-
bolic geometry
In this paper we use the Cayley–Klein model, and a projective interpretation of hy-
perbolic geometry. This has the advantage of greatly simplifying our calculations
in higher dimensions as compared to other models such as the conformal Poincare´
model. In the Klein model, hyperbolic objects are straight or convex if and only
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if they are straight or convex in the embedded model. Hyperbolic symmetries are
then modeled as Euclidean projective transformations using the projective linear
group PGL(n+ 1,R). In this section we give a brief review of the concepts used
in this paper. For a general discussion and background in hyperbolic geometry
and the projective models of Thurston geometries see [18] and [19].
2.1 The Projective Model
We use the projective model in Lorentzian (n+ 1)-space E1,n of signature (1, n),
i.e. E1,n is the real vector space Vn+1 equipped with the bilinear form of signa-
ture (1, n), 〈x,y〉 = −x0y0 + x1y1 + · · · + xnyn where the non-zero real vec-
tors x = (x0, x1, . . . , xn) ∈ Vn+1 and y = (y0, y1, . . . , yn) ∈ Vn+1 represent
points in projective space Pn(R). Hn is represented as the interior of the abso-
lute quadratic form Q = {x ∈ Pn|〈x,x〉 = 0} = ∂Hn in real projective space
Pn(Vn+1,V n+1). All proper interior points x ∈ Hn satisfy 〈x,x〉 < 0.
The boundary points ∂Hn in Pn represent the absolute points at infinity ofHn.
Points y satisfying 〈y,y〉 > 0 lie outside ∂Hn and are referred to as outer points
of Hn. Take P (x) ∈ Pn, point y ∈ Pn is said to be conjugate to x relative to
Q when 〈x,y〉 = 0. The set of all points conjugate to P (x) form a projective
(polar) hyperplane pol(P ) = {y ∈ Pn|〈x,y〉 = 0}. Hence the bilinear form Q
induces a bijection or linear polarityVn+1 → V n+1 between the points of Pn and
its hyperplanes. Point X(x) and hyperplane α(a) are incident if the value of the
linear form a evaluated on vector x is zero, i.e. xa = 0 where x ∈ Vn+1 \ {0},
and a ∈ Vn+1 \ {0}. Similarly, lines in Pn are characterized by 2-subspaces of
Vn+1 or (n− 1)-spaces ofVn+1 [18].
Let P ⊂ Hn denote a polyhedron bounded by a finite set of hyperplanes H i
with unit normal vectors bi ∈ Vn+1 directed towards the interior of P :
H i = {x ∈ Hd|xbi = 0} with 〈bi, bi〉 = 1. (1)
In this paper P is assumed to be an acute-angled polyhedron with proper or ideal
vertices. The Grammian matrix G(P ) = (〈bi, bj〉)i,j i, j ∈ {0, 1, 2 . . . n} is a
symmetric matrix of signature (1, n) with entries 〈bi, bi〉 = 1 and 〈bi, bj〉 ≤ 0 for
i 6= j where
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〈bi, bj〉 =

0 ifH i ⊥ Hj,
− cosαij ifH i, Hj intersect along an edge of P at angle αij,
− 1 if H i, Hj are parallel in the hyperbolic sense,
− cosh lij ifH i, Hj admit a common perpendicular of length lij .
This is summarized using the weighted graph or scheme of the polytope
∑
(P ).
The graph nodes correspond to the hyperplanes H i and are connected if H i and
Hj are not perpendicular (i 6= j). If they are connected we write the positive
weight k where αij = pi/k on the edge, unlabeled edges denote an angle of pi/3.
For examples, see the Coxeter diagrams in Table 1.
In this paper we set the sectional curvature ofHn,K = −k2, to be k = 1. The
distance d of two proper points x and y is calculated by the formula
cosh d =
−〈 x, y〉√〈 x, x〉〈 y, y〉 . (2)
The perpendicular foot Y (y) of point X(x) dropped onto plane u is given by
y = x− 〈x,u〉〈u,u〉u, (3)
where u is the pole of the plane u.
2.2 Horospheres and Horoballs in Hn
A horosphere inHn (n ≥ 2) is a hyperbolic n-sphere with infinite radius centered
at an ideal point on ∂Hn. Equivalently, a horosphere is an (n − 1)-surface or-
thogonal to the set of parallel straight lines passing through a point of the absolute
quadratic surface. A horoball is a horosphere together with its interior.
In order to derive the equation of a horosphere, we introduce a projective co-
ordinate system for Pn with a vector basis ai (i = 0, 1, 2, . . . , n) so that the
Cayley-Klein ball model of Hn is centered at (1, 0, 0, . . . , 0), and set an arbitrary
point at infinity to lie at A0 = (1, 0, . . . , 0, 1). The equation of a horosphere with
center A0 passing through point S = (1, 0, . . . , 0, s) is derived from the equation
of the the absolute sphere −x0x0 + x1x1 + x2x2 + · · ·+ xnxn = 0, and the plane
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x0 − xn = 0 tangent to the absolute sphere at A0. The general equation of the
horosphere is
0 = λ(−x0x0 + x1x1 + x2x2 + · · ·+ xnxn) + µ(x0 − xn)2. (4)
Plugging in for S we obtain
λ(−1 + s2) + µ(−1 + s)2 = 0 and λ
µ
=
1− s
1 + s
.
For s 6= ±1, the equation of a horosphere in projective coordinates is
(s− 1)
(
−x0x0 +
n∑
i=1
(xi)2
)
− (1 + s)(x0 − xn)2 = 0. (5)
In an n-dimensional hyperbolic space any two horoballs are congruent in the
classical sense: each have an infinite radius. However, it is often useful to distin-
guish between certain horoballs of a packing. We use the notion of horoball type
with respect to the fundamental domain of the given tiling as introduced in [27].
Two horoballs of a horoball packing are said to be of the same type or equipacked
if and only if their local packing densities with respect to a given cell (in our case
a Coxeter simplex) are equal. If this is not the case, then we say the two horoballs
are of different type. For example, in the above discussion horoballs centered at
A0 passing through S with different values for the final coordinate s are of differ-
ent type relative to an appropriate cell, all such horoballs yield a one-parameter
family.
In order to compute volumes of horoball pieces, we use Ja´nos Bolyai’s classi-
cal formulas from the mid 19-th century:
1. The hyperbolic length L(x) of a horospheric arc that belongs to a chord
segment of length x is
L(x) = 2 sinh
(x
2
)
. (6)
2. The intrinsic geometry of a horosphere is Euclidean, so the (n−1)-dimensional
volumeA of a polyhedron A on the surface of the horosphere can be calcu-
lated as in En−1. The volume of the horoball piece H(A) determined by A
and the aggregate of axes drawn from A to the center of the horoball is
vol(H(A)) = 1
n− 1A. (7)
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3 Horoball packings of Coxeter Simplices with Ideal
Verticies
Let T be a 5-dimensional Coxeter tiling [9], [11]. A rigid motion mapping one
cell of T onto another maps the entire tiling onto itself. The symmetry group of
a Coxeter tiling contains its Coxeter group, denoted by ΓT . Any simplex cell of
T acts as a fundamental domain FT of ΓT , where the Coxeter group is generated
by reflections on the (n− 1)-dimensional facets of FT . In this paper we consider
only asymptotic Koszul Coxeter simplices, i.e. ones that have at least one ideal
vertex, in this case the orbifold H5/ΓT has at least one cusp. In Table 1 we list
the twelve Coxeter simplices that exist in hyperbolic 5-space, all of which are
asymptotic Koszul type, together with their volumes. Note that volumes are given
in terms Riemann’s zeta function ζ(n) =
∑∞
r=1 r
−n, or the Dirichlet L-function
L(s, d) =
∑∞
n=1
(
n
d
)
n−s, where (n/d) is the Legendre symbol. The volume of
P 5 was found by Monte-Carlo simulations [10]. All but ÂU5 are arithmetic, the
volume of ÂU 5 may be given as an integral equation, and no exact expression
is known. For a complete discussion of hyperbolic Coxeter simplices and their
volumes for dimensions n ≥ 3, see Johnson et al. [10].
We define the density of a horoball packing BT of a Coxeter simplex tiling T
as
δ(BT ) =
∑m
i=1 vol(Bi ∩ FT )
vol(FT ) . (8)
Here FT denotes the simplicial fundamental domain of tiling T , m is the num-
ber of ideal vertices of FT , and Bi are the horoballs centered at ideal vertices.
We allow horoballs of different types at the asymptotic vertices of the tiling. A
horoball type is allowed if it yields a packing: no two horoballs may have an inte-
rior point in common. In addition we require that no horoball extend beyond the
facet opposite the vertex where it is centered so that the packing remains invariant
under the actions of the Coxeter group of the tiling. If these conditions are satis-
fied, we can extend the packing density from the simplicial fundamental domain
FT to the entire H5 using the Coxeter group Γτ . In the case of Coxeter simplex
tilings, Dirichlet–Voronoi cells coincide with the Coxeter simplices. We denote
the optimal horoball packing density as
δopt(T ) = sup
BT packing
δ(Bτ ). (9)
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Coxeter Witt Simplex Optimal
Diagram Notation Symbol Volume Packing Density
Simply Asymptotic
4 [3, 3, 3, 4, 3] U5 7ζ(3)/46080 0.59421 . . .
4 [4, 3, 32,1] S5 7ζ(3)/15360 0.59421 . . .
[32,1,1,1] Q5 7ζ(3)/7680 0.59421 . . .
[3, 3[5]] P 5 5
3/2L(3, 5)/4608 0.56151 . . .
Doubly Asymptotic
4 [3, 3, 4, 3, 3] X5 7ζ(3)/9216 0.59421 . . .
4 4 [3, 4, 3, 3, 4] R5 7ζ(3)/4608 0.59421 . . .
4 [(35, 4)] ÂU 5 0.0075726186 0.50108 . . .
Triply Asymptotic
4 4 [4, 3,3,43 ] N5 7ζ(3)/1536 0.59421 . . .
4
[3, 4, 3, 31,1] O5 7ζ(3)/2304 0.59421 . . .
4-asymptotic
4
[4, 3, 31,1,1] M5 7ζ(3)/768 0.59421 . . .
5-asymptotic
[31,1,1,1,1] L5 7ζ(3)/384 0.59421 . . .
Totally Asymptotic (6-asymptotic)
4 4 [(32, 4)[2]] ÛR5 7ζ(3)/288 0.59421 . . .
Table 1: Notation and volumes for the twelve asymptotic Coxeter Simplices in
H
5, in the Coxeter diagram empty circles denote reflection planes opposite an
ideal vertex.
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4
Figure 1: Lattice of subgroups of the ten commensurable cocompact Coxeter
groups in H5. The number in the superscript indicates number of ideal vertices of
the fundamental simplex.
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3.1 Simply Asymptotic Cases
We next give an example of the computation of the optimal horoball packing den-
sity through the Coxeter simplex tiling U 5, for the other simply asymptotic cases
S5, Q5 and P 5 we apply the same method.
Proposition 1 The optimal horoball packing density for simply asymptotic Cox-
eter simplex tiling TU5 is δopt(U5) = 0.59421 . . . .
Proof: Let FU5 be the simplicial fundamental domain of Coxeter tiling TU5 ,
with vertices A0, A1, . . . , A5. Their coordinates are determined by the angle re-
quirements. Our choice of vertices, as well as forms (‘roots’) for hyperplanes ui
opposite to verticesAi, are given in Table 2. In order to maximize the packing den-
sity, we determine the largest horoball type B0(s) centered at ideal vertex A0 that
is admissible in cell FU5 . This extremal horoball is a member of the 1-parameter
family of horoballs centered at A0 with type-parameter s (intuitively this can be
thought of as the “radius” of the horoball, the minimal Euclidean signed distance
to our choice of center for the model, negative if the horoball contains the model
center) such that the horoball B0(s) is tangent to the plane of the hyperface u0
bounding the fundamental simplex opposite of A0. By a projection, the perpen-
dicular foot F0(f0) of vertex A0 on plane u0,
f0 = a0 − 〈a0,u0〉〈u0,u0〉u0 = (1, 0, 0, 0, 0) = A1, (10)
is the point of tangency of horoball B0(s) and hyperface u0 of the the simplex
cell.
Plugging in for F0 and solving the horosphere equation, we find that the
horoball with type-parameter s = 0 is the optimal type. The equation of horo-
sphere ∂B0 = ∂B0(0) centered at A0 passing through F0 is
2
(
h21 + h
2
2 + h
2
3 + h
2
4
)
+ 4
(
h5 − 1
2
)2
= 1. (11)
The intersections Hi(hi) of horosphere ∂B0 and simplex edges are found by
parameterizing the simplex edges as hi(λ) = λa0 + ai (i = 1, 2, . . . , 5), and
computing their intersections with ∂B0. See Fig. 2 and Table 2 for the intersec-
tion points. The volume of the horospherical 4-simplex determines the volume
of the horoball piece by equation (7). In order to determine the data of the horo-
spheric 4-simplex, we compute the hyperbolic distances lij by the equation 2,
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H
H
H
H
A A
A
A
4
3
1
2
5 1
2
4
A
0
A
3
H
5
H
5
Figure 2: Simply asymptotic horospheric 5-simplex on hyperface opposite A0.
Horoball B0 intersects the sides of the simplex at Hi.
lij = d(Hi, Hj) where d(hi,hj) = arccos
(
−〈hi,hj〉√
〈hi,hi〉〈hj ,hj〉
)
. Moreover, the horo-
spherical distances Lij can be calculated by formula (6). The intrinsic geometry
of the horosphere is Euclidean, so we use the Cayley-Menger determinant to find
the volumeA of the horospheric 4-simplexA,
A = 1
9216
∣∣∣∣∣∣∣∣∣∣∣∣
0 1 1 1 1 1
1 0 L212 L
2
13 L
2
14 L
2
15
1 L212 0 L
2
23 L
2
24 L
2
25
1 L213 L
2
23 0 L
2
34 L
2
35
1 L214 L
2
24 L
2
34 0 L
2
45
1 L215 L
2
25 L
2
35 L
2
45 0
∣∣∣∣∣∣∣∣∣∣∣∣
= 0.00043 . . . (12)
The volume of the optimal horoball piece contained in the fundamental sim-
plex is
vol(B0 ∩ FU5) =
1
n− 1A =
1
4
· 0.00043 · · · = 0.00010 . . . (13)
Hence by the Coxeter group ΓU5 the optimal horoball packing density of the
Coxeter Simplex tiling TU5 becomes
δopt(U 5) =
vol(B0 ∩ FU5)
vol(FU5)
=
0.00010 . . .
7ζ(3)/46080
= 0.59421 . . . (14)

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The same method is used to find the optimal packing density of the remaining
simply asymptotic Coxeter simplex tilings. Results of the computations are given
in Table 2. We summarize the results:
Theorem 2 The optimal horoball packing density for the arithmetic simply asymp-
totic Coxeter simplex tiling TΓ, Γ ∈
{
U 5, S5, Q5
}
is δopt(Γ) = 0.59421 . . . , and
in the tiling corresponding to the non-commensurable arithmetic Coxeter simplex
group TP 5 it is δopt(Γ) = 0.56151 . . . .
Coxeter Simplex Tilings
Witt Symb. U 5 S5 Q5 P 5
Vertices of Simplex
A0 (1, 0, 0, 0, 0, 1)∗ (1, 0, 0, 0, 0, 1)∗ (1, 0, 0, 0, 0, 1)∗ (1, 0, 0, 0, 0, 1)∗
A1 (1, 0, 0, 0, 0, 0) (1, 0, 0, 0, 0, 0) (1, 0, 0, 0, 0, 0) (1, 0, 0, 0, 0, 0)
A2 (1,
1
2
, 0, 0, 0, 0) (1, 0, 0, 0, 1√
2
, 0) (1, 0, 0, 0,−1
2
, 0) (1, 0, 0, 0,
√
2
5
, 0)
A3 (1,
1
2
,
√
3
6
, 0, 0, 0) (1, 0, 0,
√
6
8
, 3
√
2
8
, 0) (1, 0, 0, 1
2
,−1
2
, 0) (1, 0, 0,
√
6
4
, 3
2
√
10
, 0)
A4 (1,
1
2
,
√
3
6
,
√
6
12
, 0, 0) (1, 0,
√
3
6
,
√
6
12
,
√
2
4
, 0) (1, 0,−1
2
, 0,−1
2
, 0) (1, 0, 1√
3
, 1√
6
, 1√
10
, 0)
A5 (1,
1
2
,
√
3
6
,
√
6
12
,
√
2
4
, 0) (1, 1
2
,
√
3
6
,
√
6
12
,
√
2
4
, 0) (1,−1
2
, 0, 0,−1
2
, 0) (1, 1
2
, 1
2
√
3
, 1
2
√
6
, 1
2
√
10
, 0)
The form ui of sides opposite Ai
u0 (0, 0, 0, 0, 0, 1)
T (0, 0, 0, 0, 0, 1)T (0, 0, 0, 0, 0, 1)T (0, 0, 0, 0, 0, 1)T
u1 (1,−2, 0, 0, 0,−1)T (1, 0,− 2√3 ,−
√
6
3
,−√2,−1)T (1, 0, 0, 0, 2,−1)T (1,−1,− 1√
3
,− 1√
6
,−
√
5
2
,−1)T
u2 (0,−
√
2
3
, 1, 0, 0, 0)T (0,−
√
3
3
, 1, 0, 0, 0)T (0, 1, 1,−1,−1, 0)T (0, 0, 0,−1,
√
5
3
, 0)T
u3 (0, 0, 1,− 1√2 , 0, 0)T (0, 0,− 1√2 , 1, 0, 0)T (0, 0, 0, 1, 0, 0)T (0, 0,− 1√2 , 1, 0, 0)T
u4 (0, 0, 0,−
√
3, 1, 0)T (0, 0, 0,−√3, 1, 0)T (0, 0,−1, 0, 0, 0)T (0,− 1√
3
, 1, 0, 0, 0)T
u5 (0, 0, 0, 0, 1, 0)
T (0, 1, 0, 0, 0, 0)T (0,−1, 0, 0, 0, 0)T (0, 1, 0, 0, 0, 0)T
Maximal horoball parameter s0
s0 0 0 0 0
Intersections Hi = B(A0, s0) ∩ A0Ai of horoballs with simplex edges
H1 (1, 0, 0, 0, 0, 0) (1, 0, 0, 0, 0, 0) (1, 0, 0, 0, 0, 0) (1, 0, 0, 0, 0, 0)
H2 (1,
4
9
, 0, 0, 0, 1
9
) (1, 0, 0, 0, 2
√
2
5
, 1
5
) (1, 0, 0, 0,−4
9
, 1
9
) (1, 0, 0, 0, 1
3
√
5
2
, 1
6
)
H3 (1,
3
7
,
√
3
7
, 0, 0, 1
7
) (1, 0, 0, 2
√
6
19
, 6
√
2
19
, 3
19
) (1, 0, 0, 2
5
,−2
5
, 1
5
) (1, 0, 0, 5
13
√
3
2
, 3
13
√
5
2
, 3
13
)
H4 (1,
8
19
, 8
19
√
3
, 4
19
√
2
3
, 0, 3
19
) (1, 0, 4
9
√
3
, 2
9
√
2
3
, 2
√
2
9
, 1
9
) (1, 0,−2
5
, 0,−2
5
, 1
5
) (1, 0, 10
13
√
3
, 5
13
√
2
3
,
√
10
13
, 3
13
)
H5 (1,
2
5
, 2
5
√
3
, 1
5
√
2
3
,
√
2
5
, 1
5
) (1, 2
5
, 2
5
√
3
, 1
5
√
2
3
,
√
2
5
, 1
5
) (1,−2
5
, 0, 0,−2
5
, 1
5
) (1, 5
12
, 5
12
√
3
, 5
12
√
6
, 1
12
√
5
2
, 1
6
)
Volume of maximal horoball piece
vol(B0 ∩ F) 0.00010 . . . 0.00032 . . . 0.00065 . . . 0.00116 . . .
Optimal Packing Density
δopt 0.59421 . . . 0.59421 . . . 0.59421 . . . 0.56151 . . .
Table 2: Data for simply asymptotic Tilings in Cayley-Klein ball model of radius
1 centered at (1,0,0,0,0,0,0)
3.2 Multiply Asymptotic Cases
Eight Coxeter simplices have multiple asymptotic vertices in H5, see Table 1. In
this subsection we develop a method to find the optimal horoball packing config-
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urations and their densities relative to the Coxeter tilings arising from the above
simplices, when we place a horoball at each asymptotic vertex.
The general horosphere equations we shall use for horospheres centered at
arbitrary asymptotic vertices of such Coxeter simplices, are obtained by applying
a rotation, by an element of SO(1, 5), to move into desired position the horosphere
family centered at (1, 0, 0, 0, 0, 1) given by equation (5), we omit the details.
The main steps we follow to find the optimal horoballs configuration are:
1. First find bounds for the largest possible extremal horoball type admissi-
ble at each asymptotic vertex, as in the simply asymptotic case. Such a
horoball is tangent to the facet opposite its center, an asymptotic vertex of
Coxeter simplex. In each case, we have at most six different extremal-type
configurations depending on the number of the asymptotic vertices.
2. We consider a maximal-type configuration, that is a case where one horoball
is of extremal- type (i.e. it is tangent to the opposite 4-dimensional hyper-
plane). Then we blow up the size (type) of the remaining horoballs at the
other cusps until they are mutually tangent or inadmissible.
3. Next we continuously ”shrink” the extremal-type horoball while simulta-
neously blowing up it’s neighbors, and examine at each stage the possible
locally optimal horoball configurations and their densities, i.e. we vary the
types of the horoballs within the allowable range to find the optimal packing
density. We must keep in mind which horoballs are adjacent, and at what
stages this contact structure changes.
4. We study all possible cases and compare the finitely many locally optimal
configurations (by Lemma 1), compare their densities. Finally, we obtain
the globally optimal horoball arrangement for a given tiling.
The intricacy of this process for a given Coxeter tiling depends highly on the
structure of the corresponding Coxeter simplex, its symmetries and the number of
asymptotic vertices.
In what follows, we classify the possible cases and describe the above proce-
dure according to the number of asymptotic vertices lying on the absolute quadric.
In some cases it is possible to determine the optimal horoball arrangements by the
symmetry properties of the given tiling and reducing to known optimal horoball
arrangements.
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3.2.1 Doubly Asymptotic cases
The fundamental simplices (Coxeter simplices) of the tilings X5, R5 and ÂU 5
each have two asymptotic vertices.
The following lemma first proved in [26] gives the relationship between the
volumes of two tangent horoball pieces centered at vertices of a tiling as we con-
tinuously vary their type. If the volumes of the horoball pieces in one starting
position are known, then this lemma determines the sum of their volumes in all
“intermediate cases”.
Let τ1 and τ2 be two congruent n-dimensional convex cones with vertices
at C1 and C2 that share common edge C1C2. Let B1(x) and B2(x) denote two
horoballs centered at C1 and C2 tangent at point I(x) ∈ C1C2. Define the point of
tangency I(0) (the “midpoint”) such that the equality V (0) = 2vol(B1(0)∩ τ1) =
2vol(B2(0) ∩ τ2) holds for the volumes of the horoball sectors.
Lemma 1 ([26]) Let x be the hyperbolic distance between I(0) and I(x), then
V (x) = vol(B1(x) ∩ τ1) + vol(B2(x) ∩ τ2) = V (0)
2
(
e(n−1)x + e−(n−1)x
)
strictly increases as x→ ±∞.
Proposition 2 The optimal horoball packing density for Coxeter simplex tiling
TX5 is δopt(X5) = 0.59421 . . .
Proof: Assign coordinates to the fundamental domain FX5 as in Table 3. The
two asymptotic vertices are A0 = (1, 0, 0, 0, 0, 1), and A5 = (1,
1
2
,
√
3
6
,
√
6
12
,
√
2
4
, 0).
Let FX5 denote the fundamental domain (Coxeter simplex) of Coxeter group
X5. Place two horoballs B0 (arctanh s0) and B5(arctanh s5) that have parameters
s0 and s5, respectively, at A0 and A5. Let xi = arctanh si denote the hyperbolic
distance to the center of the model (1, 0, 0, 0, 0, 0) to point Si = (1, 0, 0, 0, 0, si)
for i ∈ {0, 5}. If horoball B0 is of maximal type then its parameter s0 = 0 and
the horoball B5 when tangent has parameter s5 = 35 . If horoball B5 is of maximal
type then its parameter is s0 =
1
3
and the corresponding tangent horoball B0 has
parameter s5 =
1
3
. B0(arctanh 0) and B5(arctanh 13) are tangent to hyperfaces
[u0] and [u5] respectively. The packing densities the above two extremal horoball
arrangements are equal to δopt (see Theorem 2):
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δopt = δs0=0,s5= 35
(X5) =
=
vol(B0(arctanh 0) ∩ FX5) + vol(B5(arctanh 35) ∩ FX5)
vol(FX5)
= δs0= 13 ,s5=
1
3
(X5) =
=
vol(B0(arctanh 13) ∩ FX5) + vol(B5(arctanh 13) ∩ FX5)
vol(FX5)
= 0.59421 . . .
Next we examine the family of horoball packing configurations between the
above two maximal cases. Start from the horoball arrangement with parameters
s0 = 0 and s5 =
3
5
where horoballs B5(si) for i ∈ {0, 5} are tangent. Define vol-
umes V0(x) = vol(B0(x)∩FX5) and V5(x) = vol(B5(arctanh 35−x)∩FX5)where
x ∈ [0, arctanh 1
3
]. Here arctanh 1
3
is the hyperbolic distance from (1, 0, 0, 0, 0, 0)
to (1, 0, 0, 0, 0, 1
3
).
Using the formulas (2), (5), (6), (7) compute V0(0) = 0.00043 . . . and V5(arctanh
3
5
) =
0.00010 . . . .
By a simple modification of Lemma 1,
V (x) = V0(0)e
−4x + V5
(
arctanh
3
5
)
e4x. (15)
The densities of the intermediate cases between of the two extremal arrangements
are given by
δx(X5) =
vol(B0(x) ∩ FX5) + vol(B5(arctanh 35 − x) ∩ FX5)
vol(FX5)
=
=
(
4
5
e−4x +
1
5
e4x
)
δopt,
(16)
the maxima are attained at the endpoints of the interval domain [0, arctanh 1
3
], see
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Fig 3;
δarctanh 1
3
(X5) =
(
4
5
e−4 arctanh
1
3 +
1
5
e4 arctanh
1
3
)
δopt =
=
(
4
5
(
1− 1/3
1 + 1/3
)2
+
1
5
(
1 + 1/3
1− 1/3
)2)
δopt =
=
((
1
2
)2
4
5
+ 22
1
5
)
δopt =
(
1
5
+
4
5
)
δopt = δopt.
(17)
Figure 3: The function δs5 as s5 is varied in the admissible range, maxima are at
the endpoints of the domain.
The metric data, in coordinates, for the optimal horoball packings are summa-
rized in Table 3. The symmetry group ΓX5 carries the density from the fundamen-
tal domain to the entire tiling.

Corollary 1 The optimal horoball packing density for the Coxeter simplex tilings
Γ ∈ {R5, ÂU5} are also δopt(Γ) = 0.59421 . . .
Proof: As in the previous theorem.

Remark 1 In R5 there is a unique extremal case, both extremal horoballs are
mutually tangent. The simplex ÂU 5 is non-arithmetic and yields a lower optimal
packing density of 0.50108 . . . . For all these cases data for the extremal packings
are summarized in Table 3.
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Coxeter Simplex Tilings
Doubly Asymptotic
Witt Symb.: X5 R5 ÂU 5
Vertices of Simplex
A0 (1, 0, 0, 0, 0, 1)
∗ (1, 0, 0, 0, 0, 1)∗ (1, 0, 0, 0, 0, 1)∗
A1 (1, 0, 0, 0, 0, 0) (1, 0, 0, 0, 0, 0) (1, 0, 0, 0, 0,−1)∗
A2 (1,
1
2
, 0, 0, 0, 0) (1,
√
2
2
, 0, 0, 0, 0) (1, 0, 0, 0,
6
√
2+
√
2
13
, 5
13
)
A3 (1,
1
2
,
√
3
6
, 0, 0, 0) (1,
√
2
2
,
√
6
6
, 0, 0, 0) (1, 0, 0, 1
8
√
2 +
√
2
√
3,
3
√
2+
√
2
8
, 1
2
)
A4 (1,
1
2
,
√
3
6
,
√
6
6
, 0, 0) (1,
√
2
2
,
√
6
6
,
√
3
6
, 0, 0) (1, 0, 2
35
√
12 + 6
√
2, 4
35
√
2 +
√
2
√
3,
12
√
2+
√
2
35
, 19
35
)
A5 (1,
1
2
,
√
3
6
,
√
6
6
, 1√
2
, 0)∗ (1,
√
2
2
,
√
6
6
,
√
3
6
, 1
2
, 0)∗ (1, 3
22
√
2
√
2 +
√
2, 1
22
√
6
√
2 +
√
2, 1
11
√
2 +
√
2
√
3,
3
√
2+
√
2
11
, 7
11
)
The form ui of sides opposite Ai
u0 (0, 0, 0, 0, 0,
1
24
)T (0, 0, 0, 0, 0, 1)T (1,− 3
√
2
2
√
2+
√
2
,−
√
2
√
3
2
√
2+
√
2
,−
√
3√
2+
√
2
,− 3√
2+
√
2
, 1)T
u1 (− 124 , 112 , 0, 0, 0, 124)T (1,−
√
2, 0, 0, 0,−1)T (1, 0, 0, 0,− 4
3
√
2+
√
2
,−1)T
u2 (0,
1
12
,− 1
4
√
3
, 0, 0, 0)T (0,− 1√
3
, 1, 0, 0, 0)T (0, 0, 0,−1, 1√
3
, 0)T
u3 (0, 0,− 14√3 , 14√6 , 0, 0)T (0, 0,− 1√2 , 1, 0, 0)T (0, 0,−
√
2, 1, 0, 0)T
u4 (0, 0, 0,
1
4
√
6
,− 1
12
√
2
, 0)T (0, 0, 0,−√3, 1, 0)T (0,− 1√
3
, 1, 0, 0, 0)T
u5 (0, 0, 0, 0,− 112√2 , 0)T (0, 0, 0, 0, 1, 0)T (0, 1, 0, 0, 0, 0)T
Maximal horoball-type parameter si for horoball Bi at Ai
max s0 =⇒ s5 s0 = 0 =⇒ s5 = 3/5 s0 = 0 =⇒ s5 = 3/5 s0 = 1161
(
73− 36√2) =⇒ s1 = s0
max s5 =⇒ s0 s5 = 1/3 =⇒ s0 = 1/3 s5 = 3/5 =⇒ s0 s1 = − 1161
(
73− 36√2) =⇒ s0 = s1
Volumes of optimal horoball pieces Vi = vol(Bi ∩ FΓ)
VmaxB0 =⇒ VB5 0.00043 · · · =⇒ 0.00010 . . . 0.00043 · · · =⇒ 0.00065 . . . 0.00368 · · · =⇒ 0.00010 . . .
Vs0 ⇐= Vmax s5 0.00010 · · · ⇐= 0.00043 . . . 0.00043 . . . , 0.00065 . . . 0.00010 · · · ⇐= 0.00368 . . .
Dentities of horoball pieces δi = vol(Bi ∩ FΓ)
(δmax s0, δs5) (0.47537 · · · = 810δopt, 0.11884 · · · = 210δopt) (0.23768 . . . , 0.35653 . . . ) (0.48675 . . . , 0.01432 . . . )
(δs0 , δmax s5) (0.11884 · · · = 210δopt, 0.47537 · · · = 810δopt) (0.23768 · · · = 410δopt, 0.35653 · · · = 610δopt) (0.01432 . . . , 0.48675 . . . )
Optimal Horoball Packing Density
δopt 0.59421. . . 0.59421. . . 0.50108. . .
Table 3: Data for doubly asymptotic Coxeter simplex tilings in the Cayley-Klein ball model of radius 1 centered at
(1, 0, 0, 0, 0, 0). Vertices marked with ∗ are ideal.
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3.2.2 Triply Asymptotic cases
The fundamental simplices (Coxeter simplices) of the tilingsN5 andO5 both have
three asymptotic vertices.
Proposition 3 The optimal horoball packing density for Coxeter simplex tiling
TN5 is δopt(N5) = 0.59421 . . .
Proof: Assign coordinates to the fundamental domain FN5 as in Table 4. The
three asymptotic vertices are A0 = (1, 0, 0, 0, 0, 1), A2 = (1, 0, 0, 0, 1, 0), and
A5 = (1,
√
2
2
, 0,−1
2
, 1
2
, 0).
Let FN5 denote the fundamental domain (Coxeter simplex) of Coxeter group
N5. Place three horoballs B0(arctanh s0), B2(arctanh s2), and B5(arctanh s5)
with parameters s0, s2, and s5 at A0, A2, and A5 respectively. Let xi = arctanh si
denote the hyperbolic distance of the center of the model (1, 0, 0, 0, 0, 0) to point
Si = (1, 0, 0, 0, 0, si) where i ∈ {0, 2, 5}. If the horoball B0 is of maximal type
then s0 = 0, and the tangent horoballs B2 and B5 have s2 = 35 and s5 = 35 .
If horoball B2 is of maximal type then we have the same case up the appro-
priate symmetry of the Coxeter simplex, so it suffices to check densities up to the
midpoint of the allowed horoball parameter range.
If horoball B5 is of maximal type then its parameter s5 = 13 and the cor-
responding tangent horoballs B0 and B2 have parameters s0 = 13 and s2 = 79 .
Horoballs B0(arctanh 0) and B5(arctanh 13) are tangent to hyperfaces u0 and u5
respectively. The densities of the above two extremal horoball arrangements are
equal to δopt (see Theorem 2):
δopt = δs0=0,s2= 35 ,s5=
3
5
(N5) =
=
vol(B0(arctanh 0) ∩ FX5) +
∑
i∈{2,5} vol(Bi(arctanh 35)) ∩ FX5)
vol(FN5)
= δs0= 13 ,s2=
7
9
,s5=
1
3
(N5) =
=
vol(B2(arctanh 79) ∩ FN5) +
∑
i∈{0,5} vol(Bi(arctanh 13) ∩ FN5)
vol(FN5)
= 0.59421 . . .
We examine the horoball arrangements that transition between the above men-
tioned cases. Starting with the horoball arrangement with parameters s0 = 0
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and s5 =
3
5
, the horoballs B5(arctanh si) where i ∈ {0, 5} are tangent. De-
fine volumes Vi(x) = vol(Bi(arctanh si − x) ∩ FN5) for i ∈ {0, 2, 5} with
x ∈ [0, arctanh 1
3
] where arctanh 1
3
is the hyperbolic distance of (1, 0, 0, 0, 0, 0)
and (1, 0, 0, 0, 0, 1
3
).
With the formulas (2), (5), (6), and (7) compute that V0(arctanh 0) = 0.23768 . . . ,
V2(arctanh
3
5
) = 0.23768 . . . and V5(arctanh
3
5
) = 0.11884 . . . .
By the simple modification of Lemma 1,
V (x) = V0(0)e
−4x + V2
(
arctanh
3
5
)
e4x + V5
(
arctanh
3
5
)
e4x (18)
and the densities of the intermediate cases between of the above two extremal
arrangements are given by the density function
δx(N5) =
vol(B0(x) ∩ FN5) +
∑
i∈{2,5} vol(Bi(arctanh 35 − x) ∩ FN5)
vol(FX5)
=
(
2
5
e−4x +
2
5
e−4x +
1
5
e4x
)
δopt.
(19)
where x ∈ [0, arctanh 1
3
]. Analysis of δx(N 5) shows that its maxima are attained
at the endpoints of the interval domain [0, arctanh 1
3
], in particular
δarctanh 1
3
(N5) =
(
2
5
e−4 arctanh
1
3 +
2
5
e−4 arctanh
1
3 +
1
5
e4 arctanh
1
3
)
δopt
=
(
2
5
(
1− 1/3
1 + 1/3
)2
+
2
5
(
1− 1/3
1 + 1/3
)2
+
1
5
(
1 + 1/3
1− 1/3
)2)
δopt
=
((
1
2
)2
2
5
+
(
1
2
)2
2
5
+ 22
1
5
)
δopt
=
(
1
10
+
1
10
+
4
5
)
δopt.
(20)
The metric data of the optimal horoball packings are summarized in Table 4.
The symmetry group ΓN5 carries the density from the fundamental domain to the
entire tiling.
 As the above proof we again obtain
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Proposition 4 The optimal horoball packing density for Coxeter simplex tilings
O5 is δopt(O5) = 0.59421 . . .
Remark 2 In the case of O5 the symmetries of the Coxeter diagram imply two
classes of extremal horoball packings. In our notation, the horoballs at either A0,
A1, or A5 are maximized. Notice the B0 and B1 maximal cases are equivalent
up to symmetry. As before, find horoball parameters max s0 =
1
5
, max s1 =
5
7
andmax s5 =
13
19
. By maximizing the remaining two horoballs subject to the con-
straint given the extremal horoball we find the extremal horoballs at the remaining
vertices. Results are summarized in Table 5. In all extremal cases the packing den-
sity is 0.59421 . . . , and the relative packing densities of the three horoballs in the
fundamental domain FO5 are given by
(
3
5
, 1
5
, 1
5
)
and
(
4
5
, 3
20
, 1
20
)
.
3.2.3 Doubling sequence of fundamental domains
As in the 4-dimensional case [16] here we have a doubling sequence of fundamen-
tal domains, meaning one simplex cell is obtained from anoother by a reflection
across a given facet. It the 5-dimensional case the tilings N 5, M 5 and L5 form
a similar sequence (see Fig. 1). By symmetry considerations it suffices to con-
sider the extremal horoball at the new vertex, as the other extremal cases were
considered in a previous case, or are equivalent by symmetry.
We generalize the above results to the two triply asymptotic tilings using the
subgroup relations of the multiply asymptotic tilings given in Figure 1. The in-
dices of the subgroups are
|ΓN5 : ΓM5| = |ΓM5 : ΓL5 | = 2, (21)
the fundamental domains are related by domain doubling, hence the optimal pack-
ing density is at least δ = 0.59421 . . . for all multiply asymptotic cases. By re-
peated use of Lemma 1, we can show that this value is indeed the optimal packing
density for all multiply asymptotic cases. We omit the technical details of the
proof.
Proposition 5 The optimal horoball packing density for Coxeter simplex tilings
TΓ, Γ ∈ {M5, L5} is δopt(Γ) = 0.59421 . . . .
A summary of the results for multiply asymptotic tilings are given in Table 4.
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Coxeter Simplex Tilings
Doubling Sequence
Witt Symb. N5 M 5 L5
Vertices of Simplex
A0 (1, 0, 0, 0, 0, 1)
∗ (1, 0, 0, 0, 0, 1)∗ (1, 0, 0, 0, 0, 1)∗
A1 (1, 0, 0, 0, 0, 0) (1, 0, 0, 0, 0, 0)→ (1, 0, 0, 0, 0,−1)∗
A2 (1, 0, 0, 0, 1, 0)
∗ (1, 0, 0, 0, 1, 0)∗ (1, 0, 0, 0, 1, 0)∗
A3 (1, 0, 0,−12 , 12 , 0
)
(1, 0, 0,−1
2
, 1
2
, 0) (1, 0, 0,−1
2
, 1
2
, 0)
A4 (1, 0,
1
2
√
2
,−1
4
, 3
4
, 0)→ (1, 0,
√
2
2
,−1
2
, 1
2
, 0)∗ (1, 0,
√
2
2
,−1
2
, 1
2
, 0)∗
A5 (1,
√
2
2
, 0,−1
2
, 1
2
, 0)∗ (1,
√
2
2
, 0,−1
2
, 1
2
, 0)∗ (1,
√
2
2
, 0,−1
2
, 1
2
, 0)∗
The form ui of sides opposite Ai
u0 (0, 0, 0, 0, 0,−1)T (0, 0, 0, 0, 0, 1)T (1, 0, 0, 1,−1, 1)T
u1 (1, 0, 0, 1,−1,−1)T (1, 0, 0, 0,−
√
2,−1)T (1, 0, 0, 1,−1,−1)T
u2 (0, 0,
√
2,−1,−1, 0)T (0, 1,−1,−1, 1, 0)T (0, 0, 0, 1, 1, 0)T
u3 (0,−1,−1,−
√
2, 0, 0)T (0, 0, 0, 1, 0, 0)T (0,−1,−1,−√2, 0, 0)T
u4 (0, 0,−1, 0, 0, 0)T (0, 0, 1, 0, 0, 0)T (0, 0, 1, 0, 0, 0)T
u5 (0, 1, 0, 0, 0, 0)
T (0,−1, 0, 0, 0, 0)T (0, 1, 0, 0, 0, 0)T
Maximal horoball-type parameter si for horoball Bi at Ai
s0 0(δ =
2
5
δopt) 0(δ =
2
5
δopt) −1/3(δ = 45δopt)
s1 − − 1/3(δ = 45δopt)
s2 3/5(δ =
2
5
δopt) 1/3(δ =
4
5
δopt) 1/3(δ =
4
5
δopt)
s3 − − −
s4 − 1/3(δ = 45δopt) 1/3(δ = 45δopt)
s5 1/3(δ =
4
5
δopt) 1/3(δ =
4
5
δopt) −1/3(δ = 45δopt)
Horoball Parameters
(B0 ↔ B2)↔ B5 (s0 = 0, s2 = 35 , s5 = 35) - -
B5 → (B0,B2) (s0 = 13 , s2 = 79 , s5 = 13) - -
B2 → (B0,B4,B5) - (s0 = 13 , s2 = 79 , s4 = 13 , s5 = 79) -
B1 → (B0,B2,B4,B5) - - (s0 = 13 , s1 = −13 , s2 = 79 , s4 = 13 , s5 = 79)
Packing Ratios w.r.t. δopt
(B0 ↔ B2)↔ B5 (25 , 25 , 15) - -
B5 → (B0,B2) (45 , 110 , 110) - -
B2 → (B0,B4,B5) - (45 , 110 , 120 , 120) -
B1 → (B0,B2,B4,B5) - - (45 , 120 , 120 , 120 , 120)
Optimal Horoball Packing Density
δopt 0.59421. . . 0.59421 . . . 0.59421 . . .
Table 4: Data for multiply asymptotic Coxeter simplex tilings in the Cayley-Klein
ball model of radius 1 centered at (1, 0, 0, 0, 0, 0). Vertices marked with ∗ are ideal.
3.2.4 The totally asymptotic case, ÛR5
In this case all vertices are ideal. From the symmetries of the Coxeter diagram,
there are two classes of extremal horoball packings. In our coordinates, the
horoballs at either A0 or A2 are to be maximized, the remaining four maximal
cases follow from symmetry. As before, find horoball parameters max s0 =
1
17
and max s2 =
133
205
. By maximizing the other five horoballs to be tangent sub-
ject to the constraints we find the largest possible admissible horoballs at the
remaining vertices. Results are summarized in Table 5. The adjacency graphs
of horoballs Bi at ideal vertices Ai of the optimal cases are in Figure 4, observe
when B0 is extremal B2 decouples from B1, B3 and B5. In both cases the pack-
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B1
B0 B4
B3
B2
B5
(a) s0 maximal
B1 B0 B4 B3
B2
B5
(b) s2 maximal
Figure 4: Horoball adjacency graphs for the two optimal packings of ÛR5.
ing density is δopt = 0.59421 . . . , and the relative packing densities of the six
horoballs in the fundamental domain FÛR5 are given by
(
3
5
, 3
20
, 1
10
, 1
10
, 1
40
, 1
40
)
and(
2
5
, 2
5
, 3
20
, 3
80
, 1
160
, 1
160
)
. Finally we obtain the following
Proposition 6 The optimal horoball packing density for totally asymptotic Cox-
eter simplex tiling TÛR5 is δopt(ÛR5) ≈ 0.59421.
The proof is as in the previous cases, we omit the details. The contact structure of
the optimal cases are given in Figure 4, while the metric data of the optimal cases
are summarized in Table 5.
4 Conclusion
In this paper we investigated horoball packings of asymptotic Koszul Coxeter
simplex tilings ofH5. The main result of this paper is summarized in the following
theorem:
Theorem 3 In H5 the horoball packing density δopt(TΓ) = 0.59421 . . . is realized
in the ten arithmetic commensurable asymptotic Coxeter simplex tilings
Γ ∈
{
U 5, S5, Q5, X5, R5, N5, O5,M5, L5, ÛR5
}
,
with horoballs of different types allowed at each asymptotic vertex of the tiling.
Remark 3 Consider two horoball packings to be in a same class if their symmetry
groups are isomorphic. In this sense one can distinguish between eleven different
maximal horoball packings of optimal density.
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6
Figure 5: Classification of the (eleven) optimal horoball packings inH5 by relative
packing density as fraction of δopt. These optimal packings are only derived from
arithmetic Coxeter groups.
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Coxeter Simplex Tilings
Index 8 Sequence
Witt Symb. O5 ÛR5
Vertices of Simplex
A0 (1, 0, 0, 0, 0, 1)
∗ (1, 0, 0, 0, 0, 1)∗
A1 (1, 0, 0, 0, 0,−1)∗ (1, 0, 0, 0, 0,−1)∗
A2 (1, 0,
1
4
,
√
2
4
,
√
6
4
, 1
2
) 1, 0, 0, 0,−12
13
, 5
13
)∗
A3 (1, 0, 0,
√
2
4
,
√
6
4
, 1
2
) (1, 0, 0,
√
3
4
,−3
4
, 1
2
)∗
A4 (1, 0, 0, 0,
√
6
4
, 1
4
) (1, 0, 4
√
6
35
, 8
√
3
35
, 24
35
, 19
35
)∗
A5 (1,
√
3
4
, 1
4
,
√
2
4
,
√
6
4
, 1
2
)∗ (1, 3
√
2
11
,
√
6
11
, 2
√
3
11
,− 6
11
, 7
11
)∗
The form ui of sides opposite Ai
u0 (1, 0, 0, 0,−
√
6, 1)T (1,− 3
2
√
2
,−1
2
√
3
2
,−
√
3
2
, 3
2
, 1)T
u1 (1, 0, 0, 0,−
√
6
3
,−1)T (1, 0, 0, 0, 2/3,−1)T
u2 (0, 0, 0,−1,− 1√3 , 0)T (0, 0, 0,−1,−
√
3
−1
, 0)
u3 (0, 0,−
√
2, 1, 0, 0)T (0, 0,−√2, 1, 0, 0)T
u4 (0, 0, 0,−1, 1√3 , 0)T (0,−
√
3
−1
, 1, 0, 0, 0)T
u5 (0, 1, 0, 0, 0, 0)
T (0, 1, 0, 0, 0, 0)T
Maximal horoball-type parameter si for horoball Bi at Ai
s0 s0 =
1
5
(δs0 =
8
10
δopt = 0.47537 . . . )
1
17
(δs0 =
4
10
δopt = 0.23768 . . . )
s1 s1 =
5
7
(δs1 =
8
10
δopt)
4
5
(δs1 =
4
10
δopt)
s2 − 133205(δs2 = 610δopt = 0.35653 . . . )
s3 − 1517(δs3 = 410δopt)
s4 − 11531297 (δs4 = 410δopt)
s5
13
19
(δs5 =
6
10
δopt)
103
139
(δs5 =
6
10
δopt)
Progressions
max s0 s0 =
1
5
→ s1 = 15 → s5 = 2935(δ = 0.59422) s0 = 117 → (s1 = − 117 , s2 = 151187 ,

s5 =
29
35
→ s1 = 15(δ = 0.59422) s4 = 11531297 , s5 = 233/251)
s4−→ s3 = 127129
max s1 s1 =
5
7
→ s0 = 57 → s5 = 2935(δ = 0.59422) see max s0

s5 =
29
35
→ s1 = 57(δ = 0.59422)
max s2 − s2 = 133205 → (s0 = 513 , s1 = − 513 , s3 = 6365 ,
s4 =
1189
1261
, s5 =
56
65
max s3 − see max s0
max s4 − see max s0
max s5 s5 =
13
19
→ s0 = 12 → s1 = 12(δ = 0.59421 . . . ) see max s2

s1 =
1
2
→ s0 = 12(δ = 0.59421 . . . )
Optimal Horoball Packing Density
δopt 0.59421. . . 0.59421. . .
Table 5: Data for triply asymptotic and totally asymptotic Coxeter simplex tilings
in the Cayley-Klein ball model of radius 1 centered at (1, 0, 0, 0, 0, 0). Vertices
marked with ∗ are ideal.
The optimal packing density obtained in Theorem 3 is the densest ball packing
ofH5 known to the authors at the time of writing. However, it does not exceed the
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Bo¨ro¨czky-type simplicial upper bound for H5 of 0.60695 . . . . The packings we
described give a new lower bound for the optimal ball packing density of H5 (see
[26]).
Corollary 2 The optimal ball packing density with horoball in same type δopt of
H
5 is bounded between
0.59421 · · · ≤ δopt ≤ 0.60695 . . . .
Remark 4 We note here, that if we generalized to use horoballs of different types,
then the new simplicial upper bound is greater than the Bo¨ro¨czky-type upper
bound for H5.
In this paper we considered the generalized simplicial densities of the horoball
packings. It is an interesting fact, that the optimal horoball packings belong to
the arithmetic Coxeter groups and yield the same density. Moreover, the contribu-
tions of the individual horoballs to the global density of the packing are in rational
proportions, as described in Fig. 5. The reasons of this fact are under investiga-
tion. It would be instructive to compare to the local Dirichlet–Voronoi densities
of each horoball in our family of packings, and present the density of the packing
as a weighted average over the cells. Agains see Fig. 5 for a preliminary result.
Results on the monotonicity of simplicial density function dn(r) for n = 5
may help establish the optimality of our packings in H5 as in the case of H3 (cf.
Section 1). These questions are the subject of ongoing research.
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